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A hybrid phase transition (HPT) that exhibits properties of continuous and discontinuous phase
transitions at the same transition point has been observed in diverse complex systems. Previous
studies of the HPTs on complex networks mainly focused on whether the order parameter is contin-
uous or discontinuous. However, more careful and fundamental questions on the critical behaviors
of the HPT such as how the divergences of the susceptibility and of the correlation size are affected
by the discontinuity of the order parameter have been addressed. Here, we consider a generalized
epidemic model that is known to exhibit a discontinuous transition as a spinodal transition. Per-
forming extensive numerical simulations and using finite-size scaling analysis, we examine diverging
behaviors of the susceptibility and the correlation size. We find that when there is one infectious
node and under a certain condition, the order parameter can exhibit a discontinuous jump but does
not exhibit any critical behavior before or after the jump. This feature differs from what we ob-
served in HPTs in the percolation pruning process. However, critical behavior appears in the form
of a power-law behavior of the outbreak size distribution. The mean outbreak size, corresponding
to the susceptibility, diverge following the conventional percolation behavior. Thus a mixed-order
transition occurs. The hyperscaling relation does not hold.
PACS numbers: 89.75.Hc, 64.60.ah, 05.10.-a
I. INTRODUCTION
Hybrid phase transitions (HPTs) have been observed
in diverse models on complex networks, for instance,
k-core percolation [1–3], the cascading failure (CF)
model [4–6] on interdependent networks and a synchro-
nization model [7]. Those models have provided some
basic idea to understand drastic changing phenomena
in real-world complex systems such as jamming transi-
tions [8, 9], blackout of power-grid systems [4] and so
on. In the above two percolation models [2, 4], as nodes
or links are removed one by one from a certain control
parameter value r above a transition point rc, the order
parameter decreases continuously, but it also displays dis-
continuous feature at rc. Thus, the order parameter m(r)
behaves as follows:
m(r) =
{
m0 + b(r − rc)βm for r ≥ rc,
0 for r < rc,
(1)
where m0 and b are constants, and βm is the critical expo-
nent of the order parameter. The hybrid behavior of the
order parameter was mainly issued in early researches.
However, recently divergent behaviors of the fluctuations
of the order parameter and of the correlation size (i.e.,
the number of nodes correlated) at the transition point
and scaling relations have also been focused [6]. The criti-
cal exponents associated with those quantities {γm, ν¯m},
respectively were defined. On the other hand, when a
node is deleted, it can trigger cascading failures. In the
critical region, the avalanche size distribution follows a
power law as ps ∼ s−τa with τa = 3/2; however, the clus-
ter size distribution does not exhibit power-law behavior.
∗ bkahng@snu.ac.kr
This feature is unconventional from the perspective of
the percolation theory for the ordinary percolation [10].
The power-law behavior in the avalanche dynamics yields
another type of critical behavior, which requires another
set of the exponents {τa, σa, γa, ν¯a} [6]. It reveals that for
the CF model, the critical exponents in the set for the
order parameter satisfy scaling relations by themselves
but those in the set of the avalanche dynamics do not
satisfy hyperscaling relations. Moreover, the two sets of
the exponents are not completely independent, but they
are coupled as 1− βm = γa.
It was proposed that a discontinuous percolation tran-
sition cannot occur when its occupation rule is local [11].
However, when more than one species of particles co-
operatively occupy each node, a discontinuous percola-
tion transition can occur even though the dynamic rule
is local [12, 13]. Along these lines, the conventional
susceptible-infected-susceptible (SIR) model, which ex-
hibits a continuous percolation transition, was general-
ized in several forms to produce a discontinuous phase
transition or HPT [14, 15]. One model introduced in [14]
(called the SWIR model) contains an intermediate state
called the weakened state (symbolized as W) between
susceptible state (S) and infectious state (I). A node in
state W becomes more easily infected than others in state
S, so the reaction changes rapidly to the recovered state
R, leading to a discontinuous transition [14, 17–19]. An-
other model introduced in Ref. [20] allows the occupa-
tions of two pathogens Ia and Ib on each node instead of
single pathogen I. When a node is in the two-pathogen
state, it can more easily change its state to state R, which
leads to a discontinuous transition.
Recent studies of both of these generalized contagion
models focused on the behavior of the order parameter
using the local tree approximation. However, to under-
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2stand the critical behavior of the HPT thoroughly, one
needs to check whether other physical quantities such as
the susceptibility and the correlation size conform to the
conventional critical properties and thus whether their
exponents satisfy the scaling relations or not. To check
the criticality, here we investigate the behavior of the
order parameter and the scaling relations of the criti-
cal exponents for the SWIR model [14]. We find that
the order parameter does not follow the formula (??);
further, the fluctuation of the order parameter does not
diverge. Thus the order parameter does not exhibit the
feature of the HPT. However, the probability P∞(r) that
a macroscopic-scale outbreak (called an infinite outbreak
hereafter) occurs as a function of the infection probability
r exhibits a critical behavior [21]. An infinite outbreak
is required for the order parameter to jump from zero
to a finite value. It was shown [21] that the probabil-
ity P∞(r) is nothing but the spanning probability of the
percolation. Thus, the critical exponents of the ordinary
percolation {βp, γp, ν¯p} govern the critical behavior of the
SWIR model.
From a single source of epidemic spreading, finite out-
breaks can occur and their sizes (corresponding to finite
avalanche sizes in the CF model) are heterogeneous ac-
cording to a power law ps(r) ∼ s−τa exp(−s/s∗), where
τa = 3/2 and s
∗ ∼ (r − rc)−1/σa with rc being a transi-
tion point. Using finite size scaling analysis, we can ob-
tain the critical exponents {γa, ν¯a}. Thus, the two sets
of critical exponents {βp, γp, ν¯p} and {τa, σa, γa, ν¯a} rep-
resent the critical behavior of the SWIR model. Because
the order parameter does not exhibit critical behavior,
βm = γm = ν¯m = 0 and the exponents associated with
the diverging behaviors γa and ν¯a reduce γp and ν¯p, re-
spectively. The type of phase transition of the SWIR
is mixed-order phase transition (MOT). The critical ex-
ponents of the ordinary percolation govern the critical
behavior of the MOT of the SWIR model.
It may be worth recalling that for the MOTs observed
in other physical models, for instance, the Ising model in
one dimension with long-range interaction following the
inverse-square law between two spins within the same
domain [22] and a DNA denaturation model [23–25], the
order parameter does not follow formula (??) but jumps
discontinuously without exhibiting a critical behavior at
a transition point, whereas the susceptibility and the cor-
relation length diverge, as they appear in the second-
order transitions. Thus, the MOT in the SWIR model
exhibits features similar to those of the above models.
The paper is organized as follows: In Sec. II, we in-
troduce the SWIR model. In Sec. III, we set up the
self-consistency equation to derive the mean-field solu-
tion of the order parameter for the epidemic transition
on the Erdo˝s and Re´nyi (ER) networks. We find that
depending on the mean degree of the ER network, differ-
ent types of phase transition can occur. In Sec. IV, we
investigate the properties of those diverse phase transi-
tions. In the final section, a summary and discussion are
presented.
II. THE SWIR MODEL
We first define the reactions of the SWIR model as
follows:
S + I
κ−→ I + I, (2)
S + I
µ−→W + I, (3)
W + I
ν−→ I + I, (4)
I
λ−→ R, (5)
where κ, µ, ν and λ denote the contagion rates of the
respective reactions between the states of neighboring
nodes. For instance, a node in state S can change its state
when it contacts with a node in state I to either state I
with a probability κ/(κ+µ+λ), or state W with a proba-
bility µ/(κ+µ+λ). The main use of this SWIR model is
to determine how fast disease spreads on a macroscopic
scale with respect to the recovery rate λ. Thus, without
loss of generality, we set λ = 1. On the other hand, when
µ and ν are much smaller than κ, the model reduces to
the SIR model. Thus, we focus on the opposite limit: the
reaction rates of (3) and (4) are dominant compared with
that of (2). Thus, we set κ = 0 and ν = 1 for simplic-
ity. The reaction rate µ serves as a control parameter.
For convenience, we will use the control parameter in an
alternative form r ≡ µ/(1 + µ), which is the reaction
probability of (3).
Initially, there exist a single infectious node (seed),
the location of which is chosen at random and N − 1
susceptible nodes. We then successively choose which
reaction will occur next and when it will occur. The
simulation rule is presented in detail in Appendix B.
This process is repeated until no infectious nodes remain
in the system. This state is called absorbing state. Here
we are interested in the behavior of the outbreak size of
epidemics, i.e., the fraction of nodes in state R after the
system reaches an absorbing state, which serves as the
order parameter, denoted as m. Moreover, the suscepti-
bility, i.e., the fluctuation of the order parameter defined
as χm ≡ N(〈m2〉 − 〈m〉2) averaged over the ensemble is
considered as a function of r. Using finite-size scaling
analysis, we will study phase transitions.
III. SELF-CONSISTENCY EQUATION AND
PHYSICAL SOLUTIONS
In an absorbing state, each node is in one of three
states, the susceptible S, weakened W and recovered R
states. We consider the probability PS(`) that a ran-
domly selected node is in state S after it contacts ` neigh-
bors in state R. This probability means that the node
remains in state S even though it has been in contact
` times with those ` neighbors in state I before they
changed their states to R. Thus we obtain
PS(`) = (1− r)`, (6)
3where r is the reaction probability given as r = µ/(1 + µ)
with κ = 0 and λ = 1. Next, PW(`) is similarly defined as
the probability that a randomly selected node in state W
after it contacts ` neighbors in state R. The probability
PW(`) is given as
PW(`) =
`−1∑
n=0
(1− r)nr(1− w)`−n, (7)
where w is the probability of the reaction (4), given as
w = ν/(ν + λ) = 1/2. Finally, PR(`) is the probability
that a node is in state R after it contacts ` neighbors
in state R in the absorbing state. Using the relation
PS(`) + PW(`) + PR(`) = 1, one can determine PR(`) in
terms of PS and PW.
The order parameter m(r) that a randomly chosen
node is in state R after the system falls into an absorbing
state is given as
m(r) =
∞∑
k=1
Pd(k)
k∑
`=1
(
k
`
)
q`(1− q)k−`PR(`), (8)
where Pd(k) is the probability that a node has degree k
and q is the probability that an arbitrarily chosen edge
leads to a node in state R in the absorbing state. Using
the local tree approximation, we define qn similarly to q
but now at the tree level n.
The probability qn+1 can be derived from qn as follows:
qn+1 =
∞∑
k=1
kPd(k)
〈k〉
k−1∑
l=0
(
k − 1
`
)
q`n(1−qn)k−1−`PR(`) ≡ f(qn),
(9)
where the factor kPd(k)/〈k〉 is the probability that a
node connected to a randomly chosen edge has degree
k. As a particular case, when the network is an ER
network having a degree distribution that follows the
Poisson distribution, i.e., Pd(k) = 〈k〉ke−〈k〉/k!, where
〈k〉 = ∑k kPd(k) is the mean degree, the function f(qn)
is reduced as follows:
f(qn) = 1− e−rqn〈k〉 + r
1− 2r e
−qn〈k〉/2 − r
1− 2r e
−rqn〈k〉. (10)
Eq. (??) reduces to a self-consistency equation for q
for a given reaction rate r in the limit n → ∞. Once
we obtain the solution of q, we can obtain the outbreak
size m(r) using Eq. (??). For ER networks, however,
m(r) becomes equivalent to q so that the solution of the
self-consistency equation Eq. (??) yields the order pa-
rameter. We remark that the method we used is similar
conceptually to those used in previous studies of epidemic
spreading on complex networks [15–19].
For convenience, we define a function G(m) ≡ f(m)−
m. Using formula (??), we approximate G(m) in the
limit m→ 0 as
G(m) = am+ bm2 + cm3 +O(m4), (11)
where
a =
1
2
(r − ra)〈k〉, (12)
b =
1
4
r(rb − r)〈k〉2, (13)
c =
1
12
r(r − r+c )(r − r−c )〈k〉3 (14)
with ra = 2/〈k〉, rb = 1/2 and r±c = (1±
√
5)/2. Because
r−c < 0, c can change sign only across r
+
c in the range
0 < r+c < 1. However, because G(m) → −∞ as q → ∞,
we limit our investigation to the range r < r+c hereafter,
so that c is always negative. For convenience, we neglect
the higher order terms and redefine G(m) as
G(m) = am+ bm2 + cm3. (15)
Depending on the relative magnitude between a and b,
various solutions of the self-consistency equation G(m) =
0 can exist. However, we need to check whether those so-
lutions are indeed physically relevant in the steady state
when we start epidemic dynamics from the given initial
condition. We set up the stability criterion as follows:
We impose a small perturbation to the steady state so-
lution q∗ of Eq. (??). Then we can obtain the recursive
equation as
q∗ + δqn+1 ≈ f(q∗) + df
dq
∣∣∣
q=q∗
δqn, (16)
which leads to
η ≡ δqn+1
δqn
=
df
dq
∣∣∣
q=q∗
. (17)
If η < 1 (> 1), then the steady state solution q∗ is stable
(unstable).
IV. PHASE TRANSITIONS
The equation of state in the steady state can be ob-
tained using G(m) = 0. From Eq. (??), there exist
one trivial solution m = 0 and two non-trivial solutions
m = md and mu, where
md(r) = − b
2c
−
√
b2
4c2
− a
c
, (18)
mu(r) = − b
2c
+
√
b2
4c2
− a
c
. (19)
4Particularly, when b2 − 4ac = 0, md = mu, which is
denoted as m∗. Depending on the relative magnitude
between ra = 2/〈k〉 and rb = 1/2, which determines the
signs of a and b, diverse types of non-trivial solutions of
G(m) = 0 exist. Thus, we consider the cases 〈k〉 > 4,
〈k〉 = 4 and 〈k〉 < 4, separately.
FIG. 1. For 〈k〉 > 4, schematic plot of G(m) versus m for
fixed reaction rates r = r∗ (bottom, green), r∗ < r < ra
(middle, blue), and r = ra (top, red). G(m) becomes zero
at m = 0, md and mu, which are determined using Eqs. (18)
and (19)
.
FIG. 2. Schematic plot ofm(r) for 〈k〉 > 4. Stable solutions of
m(r) are represented by blue (solid or dashed) curve and line,
whereas unstable solutions are done by green (solid or dashed)
curve and line. Physically accessible states are indicated by
solid lines, whereas inaccessible states are indicated by dashed
lines. The probability P∞(r) is indicated by dashed-dotted
curve. The order parameter m(r) jumps from m = 0 to mu(r)
at ra with the probability P∞(r).
A. For 〈k〉 > 4
When 〈k〉 > 4, ra < rb. The behavior of G(m) as a
function of m is schematically shown in Fig. 1 and the
solution m of G(m) = 0 as a function of r is schemat-
ically shown in Fig. 2. There are several mathematical
solutions: the physically relevant solution of the order pa-
rameter is indicated by solid line for r < ra and by solid
curve for r > ra. At ra, the order parameter jumps to
the extent of m(ra). The details are described as follows:
i) For r < r∗ < ra, there exists one stable solution
m = 0. Recall that r∗ is the solution of the equation
b2 − 4ac = 0.
ii) At r = r∗ < ra, there exist one trivial solution
m = 0 and one nontrivial solution m = m∗ > 0, where
m∗ = −b/(2c). The solution m∗ is not accessible in the
thermodynamic limit because there exists one stable so-
lution m = 0. The probability P∞(r) that an infinite
outbreak occurs in a given sample is zero in the thermo-
dynamic limit. However, in finite systems, the probabil-
ity P∞,N (r) that an outbreak of size O(N) occurs can
be nonzero even for r < ra (see also Fig. 8). Thus, the
solution m = m∗ could be observed in finite systems.
We remark that the susceptibility of the order parameter
χm = N(〈m2〉 − 〈m〉2) diverges at r∗ as shown schemat-
ically in Fig. 3.
a a
FIG. 3. Schematic plot of the susceptibilities χm and χa
defined in the text as a function of r in the thermodynamic
limit. They show peaks at r∗ and ra, respectively. We remark
that χm does not diverge, but χa diverges at the transition
point ra
iii) When r∗ < r < ra, there exist one trivial and sta-
ble solution m = 0 and two nontrivial solutions md(r)
and mu(r). The solution md is unstable but mu is sta-
ble. Because the initial density of infectious seeds ρ0 = 0
and P∞(r) = 0 in this interval, the solution mu is inac-
cessible and unphysical. However, in finite systems, the
order parameter can have the solution mu(r) with the
probability P∞,N (r) (see also Fig. 8).
iv) At r = ra, there exist one trivial solutionm = 0 and
one nontrivial solution m = mu as the case iii). Finite
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FIG. 4. Scaling plot of the outbreak size distribution sτaps(r)
versus s/sc for several values of r < ra, in which τa = 1.5 and
sc ∼ (ra − r)−1/σa with σa = 0.5 are used.
and infinite outbreaks can occur. The size distribution
of finite outbreaks around ra follows a power law with
an exponential cutoff as ps(r) ∼ s−τaexp(−s/sc), where
τa ≈ 1.5 and sc ∼ |r − ra|−1/σa with σa ≈ 0.5 (Fig. 4).
The mean size 〈s〉 of finite outbreaks exhibits a diverging
behavior, which is another susceptibility defined as χa ≡
〈s〉 = ∑ sps, as ∼ (ra−r)−γa . From the scaling relation,
it follows that γa = (2−τa)/σa ≈ 1. In finite systems, the
susceptibility diverges as χa ∼ Nγa/ν¯ag(|r − ra|N1/ν¯a)
(Fig. 5), where ν¯a is the exponent associated with the
correlation size of finite outbreaks. We confirm that the
measured value γa satisfies the scaling relation γa = (2−
τa)/σa. The exponent ν¯a ≈ 3 is obtained. However,
χm(ra) does not diverge. The probability P∞(ra) = 0
but P∞,N (ra) 6= 0 in finite systems. Thus there can exist
infinite outbreaks of size Nmu(r) with the probability
P∞,N (ra) in finite systems.
v) For r > ra, there exist one unstable solution m = 0
and one stable nontrivial solution m = mu. Thus,
the system can be in pandemic state to the extent of
m = mu with the probability P∞(r). With the remain-
ing probability 1−P∞(r), the system remains in the state
m = 0. The probability P∞(r) is equivalent to the span-
ning probability of percolation [21, 26], which is given
as ∼ (r − ra)βp , where βp is the exponent for the order
parameter of the ordinary percolation transition, which
is known as βp = 1 for ER networks. When an infinite
outbreak occurs, the order parameter m(r) behaves as
m(r) −mu(ra) ∼ (r − ra). However, the susceptibilities
χm both at both (ra, 0) and (ra,mu(ra)) do not diverge.
Critical behavior of χa occurs at (r,m) = (ra, 0) owing
to the singular behavior of P∞(r).
In finite systems, the distribution of finite outbreak
sizes for r > ra is similar to that for r < ra as ps(r) ∼
s−τaexp(−s/sc), where τa ≈ 1.5 and sc ∼ (r − ra)−1/σa
with σa ≈ 0.5 (Fig. 6). The mean size 〈s〉 of finite out-
breaks exhibits a scaling behavior, which is the suscepti-
bility χa ≡ 〈s〉 =
∑
sps, as ∼ Nγa/ν¯a (Fig. 7), where ν¯a
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FIG. 5. Scaling plot of the susceptibility χa versus the reac-
tion rate r < ra in the form χaN
−γa/ν¯a and (ra − r)N1/ν¯a ,
respectively. Data are obtained from systems of different sys-
tem sizes N . With the choice of γa = 1 and ν¯a = 3, data
from the different system sizes are well collapsed onto a sin-
gle curve.
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FIG. 6. Scaling plots of the outbreak size distribution versus
s for several values of r > ra, in which τa = 1.5 and sc ∼
(r − ra)−1/σa with σa = 0.5 are used. Data of macroscopic-
scale outbreak sizes appear away from the curves of finite
outbreaks.
is the exponent associated with the correlation size. It
turns out to be that ν¯a = ν¯p.
Here we discuss finite-size scaling behavior. We choose
〈k〉 = 8 for simulations, thus the transition point is lo-
cated at ra = 1/4. In Fig. 8(a), we examine the proba-
bility p(m) that at a certain r = 0.2754 > rc the system
has outbreak size m. We find that there exist two peaks:
one peak at m = 0 and the other at mu(r) > 0. This
behavior occurs for any r-value above rc, even though
their peak heights change depending on r. This result
supports the idea that outbreaks need to be categorized
into two types: finite and infinite outbreaks. The order
parameter is obtained by taking two different types of en-
semble average: i) over all samples and ii) over respective
samples of finite and infinite outbreaks. The numerical
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FIG. 7. Scaling plot of the susceptibility χa versus the reac-
tion rate r in the range r > ra for different system sizes N .
With the choice of γa = 1 and ν¯a = 3, data from different
system sizes are well collapsed on a single curve.
values of m(r) obtained from the two types of averages
are denoted as mt(r) and mu(r), respectively. As shown
in Fig. 8(b), mt(r) (green •) increase continuously with
r. However, data of mu(t) (orange ) locate on the the-
oretical curve mu(r), respectively. The data lying on the
line m ≈ 0 is the average value over finite outbreaks,
which is almost zero.
Next, we examine numerically the probability P∞(r)
that an infinite outbreak occurs in a certain sample,
which is proposed as P∞(r) ∼ (r − ra)βp with βp = 1.
By applying finite-size scaling analysis, the probability
P∞,N (r) in finite systems can be written in the scaling
form of P∞,N ∼ N−βp/ν¯pg((r − ra)N1/ν¯p), where g(x) is
a scaling function. Indeed in Fig. 9, we find that data
for systems of different system sizes N are well collapsed
onto a single curve. From this figure, we find that infinite
outbreaks rarely occur for r  ra, and the probability
gradually increases as r approaches ra in finite systems.
As argued in Ref. [21], P∞(r) is actually the order pa-
rameter of the SIR transition, and is the probability to
create a critical branching tree of size O(N2/3) [26].
We investigate the mean outbreak time of finite out-
breaks of size s. The outbreak time is the continu-
ous time required to reach an absorbing state. We ex-
plain how to calculate a continuous outbreak time in
Appendix B. Numerically it is found that tfinite ∼ s0.5.
Using the outbreak size distribution ps(r) and the rela-
tions psds = ptdt and s ∼ t2, we obtain that pt(r) ∼
t−2τa+1f(t2/(r − ra)−1/σa). Thus, the mean outbreak
time for finite outbreaks scales as 〈tfinite〉 ∼ − ln(r − ra)
for r > ra (Fig. 10(a)) and as 〈tfinite〉 ∼ lnN at r = ra
(Fig. 10(b)).
We remark that the distribution ptdt can be inter-
preted as the probability that a spreading epidemic ter-
minates between t and t+dt. Then, the surviving proba-
bility of the epidemic dynamics surviving up to the time
step t is obtained as qt =
∫
pt′dt
′, which is denoted as
N=1.28 106
r=0.2754
//
//
10- 4
10- 3
10- 2
10- 1
100
0.000 0.002 0.678 0.680 0.682
mu
(a)
N=1.28 106
0.0
0.2
0.6
0.4
(b)
Respective Average
Total Average
FIG. 8. (a) Plot of the fraction p(m) of the samples having m
versus m. The distribution is separated into the two curves
composed of finite and infinite outbreak samples. (b) Plot
of numerical data of m(r) versus r on the theoretical curve
shown in Fig. 2. Data are obtained in two different ways,
averaged over all samples (green •), over respective finite-
outbreak and infinite-outbreak samples (orange ).
qt ∼ t−δd following the convention used in the theory of
the absorbing phase transition and thus δd = 2τa−2 = 1.
Next, the number of nodes (denoted as u(t)) that change
their state to R at step t averaged over the surviving
configurations is obtained by ds(t)/dt, which is conven-
tionally denoted as u(t) ∼ tηd+δd . Thus, ηd = 0. The
exponent values ηd = 0 and δd = 1 are equivalent to the
mean field values of the directed percolation universality
class [27].
The mean outbreak time of infinite outbreaks differs
from that of finite outbreaks. To study the mean out-
break time of infinite outbreaks, we plot the temporal
evolution of the order parameter as a function of time
for several system sizes in Fig. 11. We numerically ob-
tain that tc(N) ∼ N0.35 (Fig. 12). Using the convention
for the dynamics exponent z defined as ξ ∼ tz/2 and the
relation N ∼ ξd, where d is spatial dimension, we can
say that 2/z¯ ≈ 0.35, where z¯ = duz and du is the upper
critical dimension. This result reveals that the order pa-
rameter remains almost unchanged for a long time up to a
characteristic time tc(N) ≈ t∞ beyond which it increases
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FIG. 9. Scaling plot of rescaled outbreak probability
P∞,N (r)Nβp/ν¯p that an infinite outbreak occurs in a cer-
tain sample versus rescaled reaction rate ∆rN1/ν¯p . With the
choice of known values βp = 1 and ν¯p = 3, the data are well
collapsed onto a single curve.
rapidly. Thus, we obtain ξ ∼ ∆r−ν⊥ with ν⊥ = 1/2 and
tc ∼ (∆r)−ν‖ with ν‖ = 1, where ∆r = r− ra [27]. Thus,
it is obtained that z/2 = ν⊥ = 1/2 and 2/z¯ = 1/3, where
ν¯z = duz with du = 6.
In Ref. [19], it was proposed that a scaling function
for the fraction of the nodes in state R of the infinite
outbreaks averaged over all configurations is written as
mt(∆r,N, t) = N
−(β+βp)/ν¯pmt(N−2/z¯t,N−1/ν¯p∆r) for
∆r ≡ r − ra > 0. Here β is the order parameter ex-
ponent, which is zero for the case 〈k〉 > 4. The fac-
tor N−βp/ν¯p is derived using the probability that an in-
finite outbreak occurs in a given sample. The density
of the infectious nodes (denoted as ρI) is obtained as
ρI(r,N, t) = ∂tm(r,N, t), which becomes,
ρI(∆r,N, t) = N
−(β+βp)/ν¯p−2/z¯m(N−2/z¯t,N−1/ν¯p∆r),
(20)
where the exponents β, βp, ν¯p and z¯ satisfy the following
scaling relation.
β + βp
ν¯p
+
2
z¯
= 1. (21)
Using β = 0, βp = 1 and ν¯p = 3 for the percolation,
one can obtain 2/z¯ = 1 − 1/ν¯p = 2/3. This result is
inconsistent with the previous result. This implies that
the hyperscaling relation for the case 〈k〉 > 4 does not
hold for the MOT.
B. For 〈k〉 = 4
If 〈k〉 = 4, then ra = rb. Therefore, a = b = 0 at
r = ra, leading to b
2 − 4ac = 0. Thus ra = r∗. For this
case, a stable solution of G(m) = 0 for r < ra is m =
0. For r > ra, the order parameter behaves as m(r) =
mu(r) ∼ (r − ra)β with β ≈ 0.5, so a continuous phase
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FIG. 10. Plot of the mean outbreak time of finite outbreaks
〈tfinite〉 as a function of (a) ∆r = r−ra and (b) N on semilog-
arithmic scales.
transition occurs (Fig. 13). In this case, the fluctuation
of the order parameter χm(r) ≡ N(〈m2〉−〈m〉2) diverges
as ∼ (r − r∗)−γm at r = r∗. On the other hand, for the
continuous transition, it is not easy to separate the order
parameter of size O(N) from that of finite outbreaks of
size o(N) near the transition point. Thus, we determine
the exponent γm sufficiently far from the transition point.
γm is measured to be γm ≈ 1.5 for r > r∗ (Fig. 14).
In such case, the finite-size scaling method is not useful
for determining the correlation size exponent ν¯m in the
critical region. To determine ν¯m, we used the order pa-
rameter defined as mt(r) = m(r)P∞(r) averaged over all
samples, which is expected to behave as ∼ (r − ra)β+βp .
We confirm in Fig. 15 that the data from different sys-
tem sizes are well collapsed onto a single curve with the
choice of β+βp = 1.5 and ν¯m = 2.5. Thus, ν¯m ≈ 2.5 is
obtained. Thus, we confirm that the hyperscaling rela-
tion 2β + γm = ν¯m holds.
The mean size of finite outbreaks exhibits critical be-
havior around r∗ as χa =
∑
sps(r) ∼ (r − r∗)−γa , where
γa is measured to be ≈ 1 on both sides of r∗ (Fig. 16 and
Fig. 17).
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FIG. 11. Plot of temporal evolution of the order parameter as
a function of time step t for system size N/106 = 28, 29 and
210 from left to right for infinite outbreaks. Inset: Plot of the
mean maximum slope versus N . The slopes show independent
behavior of N , indicating that the increase rate of the infinite
outbreak size is independent of the system size.
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FIG. 12. Plot of the mean outbreak time of infinite outbreaks
〈t∞〉 versus N on double logarithmic scale. The guideline has
a slope of 0.35.
The point (r,m) = (ra, 0) for 〈k〉 = 4 is a tricritical
point, because for 〈k〉 > (<)4, the transition is discon-
tinuous (continuous). See also Ref. [19].
C. For 〈k〉 < 4
When 〈k〉 < 4, rb < ra. Further, r∗ locates between
[rb, ra] as shown in Fig. 18. At r = r∗, a < 0, b > 0 and
c < 0, and thus m∗ < 0. However, for r > ra, the order
parameter m(r) = mu(r) > 0, which is physically rele-
vant. The order parameter behaves as m(r) ∼ (r − ra)
for r > ra. The fluctuation of the order parameter does
not diverge at ra. On the other hand, the probability
P∞(r) behaves as P∞(r) ∼ (r − ra)βp according to the
ordinary percolation theory. The mean size of finite out-
0
ra
m(r)
FIG. 13. Schematic plot of the order parameter m(r) as a
function of the reaction probability r for the case 〈k〉 = 4. Sta-
ble solutions of m(r) are represented by blue (solid) line and
curve, whereas unstable solutions are represented by green
(solid) line. Physically accessible states are represented by
solid lines, whereas inaccessible states are done by dashed
lines. The probability P∞(r) is indicated by a dashed-dotted
curve.
● ● ● ●
● ●
●
●
●
●
●
■ ■
■ ■
■
■
■
■
■
■
◆ ◆ ◆ ◆ ◆
◆
◆
◆
◆
◆
◆
▲
▲ ▲ ▲ ▲
▲
▲
▲
▲
▲
▲
●
■
◆
▲
10- 4 10- 3 10- 2 10- 1
101
102
103
FIG. 14. Plot of the susceptibility χm versus the reaction
rate for r > ra and 〈k〉 = 4. Data are obtained from systems
of different sizes N . Here, the guideline has a slope of −1.5,
which implies that γa ≈ 1.5. We remark that data statistics
in the plateau region are uncertain because finite and infinite
outbreaks are indistinguishable.
breaks χa diverges in the critical region around ra as
χa ∼ (r − ra)−γa , where the exponent is measured to be
γa ≈ 1 for both r < ra and r > ra as shown in Fig. 19
and Fig. 20, respectively.
V. SUMMARY AND DISCUSSION
We have investigated critical phenomena occurring
in a generalized epidemic spreading model, the SWIR
model [14] on ER random networks with a controllable
9FIG. 15. Data collapse of the order parameter averaged over
all configurations in the form of mt(r,N)N
(β+βp)/ν¯m versus
(r− ra)N1/ν¯m for 〈k〉 = 4. β = 0.5, βp = 1, and ν¯m = 2.5 are
used.
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FIG. 16. Plot of the susceptibility χa versus the reaction rate
∆r = ra − r for the case 〈k〉 = 4. Data are obtained from
systems of different sizes N . Here, the guide line has a slope
of −1, which implies γ′a ≈ 1 for r < ra. We remark that the
data statistics in the plateau region are uncertain because
finite and infinite outbreaks are indistinguishable.
mean degree 〈k〉, particularly when the number of infec-
tious seeds at the beginning is one. The model contains
two contagion steps, weakened and infected states. A
susceptible node can be either infected or weakened by
contacting with an infectious node. The two cases arise
stochastically with respective rate. When 〈k〉 is larger
than a characteristic value (depending on the model pa-
rameters), a mixed-order transition (MOT) can occur.
The nature of this MOT differs from the one of the HPT
occurring in k-core percolation and the CF model on in-
terdependent network in the following perspective: For
the MOT in the SWIR model, the order parameter ex-
hibits a discontinuous jump at a transition point without
showing any critical behavior. However, other physical
quantities such as the mean size of finite outbreaks χa
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FIG. 17. Plot of the susceptibility χa versus the reaction
rate ∆ = r− ra for the case 〈k〉 = 4. Data are obtained from
systems of different sizes N . Here, the guideline has a slope of
−1, which implies γa ≈ 1. We remark that the data statistics
in the plateau region are uncertain because finite and infinite
outbreaks are indistinguishable.
FIG. 18. Schematic plot of the order parameter m(r) as a
function of the reaction rate r for the case 〈k〉 < 4. Stable
solutions of m(r) are represented by blue (solid or dashed)
line and curve, while unstable solutions are done by green
(solid or dashed) curve and line. Physically accessible state
is represented as solid curve, while inaccessible state is repre-
sented as dashed curve. The probability P∞(r) is represented
by dashed-dotted curve.
and the probability P∞(r) that an infinite outbreak oc-
curs in a sample exhibit critical behaviors. Thus, the
MOT exhibits the feature of continuous and discontinu-
ous transitions at the same transition point as observed
in other systems [22, 23]. The critical exponents describ-
ing the critical behavior of the SWIR model belong to
the ordinary percolation universality class. For the HPT
in k-core percolation and in the CF model, the order pa-
rameter exhibits a critical behavior following Eq. (??).
Performing extensive numerical simulations, we have de-
termined the critical exponents and checked if the con-
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FIG. 19. Plot of the susceptibility χa versus the reaction rate
∆r = ra − r for r < ra. Data are obtained from systems of
different sizes N . The guideline has a slope of −1, implying
that the susceptibility exponent γ′a ≈ 1.0. We remark that
the data statistics in the plateau region are uncertain because
finite and infinite outbreaks are indistinguishable.
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FIG. 20. Plot of the susceptibility χa versus the reaction rate
∆r = r − ra for r > ra. Data are obtained from systems of
different sizes N . The guideline has a slope of −1. We remark
that the data statistics in the plateau region are uncertain
because finite and infinite outbreaks are indistinguishable.
ventional scaling relations hold. We found that when a
discontinuous transition occurs, a hyperscaling relation
does not hold.
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Appendix A: Classification of phase transitions
Here we introduce an analytic method to determine
the types of phase transitions as the following cases A-C.
Near a certain point (rx,mx), we consider the deviation
of the function G(m(r)) by δG(m) as r and m are per-
turbed by δr and δm, respectively, from (rx,mx), and set
it to zero.
δG(rx,mx) ' ∂G
∂m
∣∣∣∣
rx,mx
δm+
∂G
∂r
∣∣∣∣
rx,mx
δr+
1
2
∂2G
∂m2
∣∣∣∣
rx,mx
(δm)2 +
1
2
∂2G
∂r2
∣∣∣∣
rx,mx
(δr)2 +
1
2
∂2G
∂r∂m
∣∣∣∣
rx,mx
(δr)(δm) + · · · = 0
(A1)
A. For the case 〈k〉 > 4: at (ra,m = 0), a stable
solution exists as m = 0. Along this line, the derivatives
of all orders are zero, and thus any singular behavior does
not occur. Thus, divergent behavior does not occur but
a discontinuous transition can occur at r = ra.
B. For the case 〈k〉 = 4: at (ra,m = 0), ∂G
∂m
= 0, but
∂2G
∂2m
< 0 and
∂G
∂r
> 0. Thus, (δm)2 ∼ δr. The order
parameter behaves m ∼ (r − ra)1/2. Thus the transition
is continuous with the exponent βm = 1/2.
C. For the case 〈k〉 < 4: at (ra,m = 0), δm ∼ δr, so
βm = 1.
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Appendix B: Simulation rule and determination of
epidemic spreading time
During epidemic spreading processes go on, a continu-
ous time variable t passes, which is determined as follows.
Suppose that there exists a certain reaction with rate α
in the system. Then the probability that the reaction
actually occurs between t and t+ dt is given as
p1(t)dt = α(1− α)tdt ≈ αe−αtdt. (B1)
In our simulations, once we perform the reaction and re-
gard that the reaction occurs at time t1, which is se-
lected randomly from the probability density function
p1(t). Next, as epidemic spreading proceeds, there exist
many possible reactions, e.g., ` possible reactions with
reaction rates {α1, ..., α`}, respectively. Then the proba-
bility density function p(t) is given as
p(t) =
(∑
j
αj
)
e−t
∑
j αj . (B2)
Then we perform the reaction j with the probability
rj =
αj∑n
i=1 αi
(B3)
and take a time ti selected randomly from the probabil-
ity density function (??). We repeat the above process
and obtain times {t1, t2, . . . , ti, . . . }. The final times to
reach an absorbing state are given as tfinite =
∑
i ti and
tinfinite =
∑
i ti for finite and infinite outbreaks, respec-
tively.
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